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ABSTRACT In this paper, we present a novel interactive cutting simulation model for soft tissue based
on the meshless framework. Unlike most existing methods that consider the cutting process of soft tissue
in an over simplified manner, the presented model is able to simulate the complete cutting process that
includes three stages: deformation before cutting open, cutting open, and deformation after cutting open.
To characterize the complicated physical and mechanical properties of soft tissue, both nonlinearity and
viscoelasticity were incorporated into the equations governing the motion of soft tissue. A line contact model
was used for simulating the cutting process after analyzing the two major types of surgical instruments,
i.e., scalpel and electrostick. The cutting speed and angle were taken into account in order to improve haptic
rendering. Biomechanical tests and simulation experiments verified the validity of the introduced model.
Specifically, the displacement versus cutting force curves can be divided into three segments corresponding
to the three stages of the cutting process. The results were also applied in a liver cutting simulating system
and satisfactory visual effect and haptic feedback were achieved.
INDEX TERMS Biomechanics, meshless, soft tissue, interactive cutting.
I. INTRODUCTION
With the rapid development of 3D computer graphic process-
ing capacity and the emergence of low-cost sensors, major
advances have been achieved in the past decades in the areas
of virtual reality (VR) [1]. As an important VR applica-
tion field, surgical simulators present a safe and potentially
effective method for surgical training, surgical planning and
image-guided surgery systems. It is expected that this tech-
nology may potentially and gradually replace conventional
surgical training methods [2], [3]. The simulation of the
cutting process is indispensable in virtual surgery simulation
systems and has drawn wide attention. Over the last decade,
a number of different soft tissue cutting models have been
reported. Wu et al. present a summary of the state of the art
cutting models from the perspective of distinct geometrical
and topological representations of soft tissue [4]. We also
provided an overview of existing cutting models focusing on
the comparison of various modeling methods (mesh-based,
meshless-based, extended finite element based, and hybrid
cutting models) [5], [6].
In the early years, the finite element method (FEM) was
used in the majority of virtual surgical simulation systems.
A pioneering piece of work was proposed by Nielsen and
his colleagues and it removed the mesh along the cutting
path directly [7]. Their method was simple and easy to
implement, and it provided fast calculations. Nevertheless,
this led to unpleasing visual artifacts during the cutting sim-
ulation because it violated the law of mass conservation.
In order to improve the visual aspects of incision, a number
of surface methods including the vertex split method [8],
the vertex duplication method [9], and the surface constraint
method [10] were reported. However, these methods were not
VOLUME 5, 2017
2169-3536 
 2017 IEEE. Translations and content mining are permitted for academic research only.
Personal use is also permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
16359
Q. Q. Cheng et al.: Interactive Meshless Cutting Model for Nonlinear Viscoelastic Soft Tissue in Surgical Simulators
able to describe the internal changes of soft tissue during
the cutting process. In order to overcome this drawback,
Bielser and his collaborators made considerable effort on
volumetric-based cutting simulation. In 1999, they presented
a subdivision method of volumetric elements, and tetrahe-
drons were used to reconstruct the virtual soft tissue [11].
The original tetrahedrons were subdivided into 17 new tetra-
hedrons depending on the intersection between the virtual
surgical instrument and the tetrahedron. Although this algo-
rithm is effective for arbitrary, irregular tetrahedral meshes
and achieves a high level of accuracy and topological free-
dom, it will generate a large number of new tetrahedrons
if the tetrahedron subdivision is universal. In the meantime,
the information of vertices will be duplicated to produce the
topological configuration after subdivision and all of the sub-
division information must be saved in a look-up table for each
cutting configuration. This subdivision method is compli-
cated and requires a large storage space. To reduce the number
of tetrahedrons, Some improvements were reported, such as
the split method [12] and the state machine method [13]. The
minimal new element creating subdivision method proposed
by Mor et al. and multi-resolution approach proposed by
Ganovelli et al. reduced the number of tetrahedrons even
further [14], [15]. However, we found that it tends to gen-
erate small ill-shaped tetrahedrons (e.g., narrow and flat
tetrahedrons) during subdivision when the virtual surgical
instrument cut is near the edge or the vertex of a tetrahe-
dron. These ill-shaped tetrahedrons may lead to numerical
instability for the simulation system, which is unavoidable
since new elements will be generated during the cutting
process. To prevent the creation of ill-shaped tetrahedrons,
Steinemann et al. proposed a hybrid cutting model based
on the snapping of vertices and element refinement [16]
and Wicke et al. replaced the convex elements with tetrahe-
drons during subdivision [17]. Semi-regular hexahedral finite
element meshes were also used to reconstruct virtual soft
tissue [18]. This model also re-meshes the cut elements in
a robust and effective manner, but it required compensation
for the jagged nature of the hexahedral mesh. Wu et al. used
an octree data structure to model the soft tissue, which greatly
reduced the search time when the mesh was updated, in order
to achieve real-time interaction in virtual surgery simula-
tions [19]. Koschieret et al. adopted an adaptive approach
to generate new tetrahedral elements [20]. Paulus et al. used
the
√
3 subdivision method to handle the mesh topological
changes [21]. In addition, Courtecuisse and his colleagues
proposed a new preconditioning technique based on an asyn-
chronous update approach to achieve the real-time require-
ment [22]. Recent efforts in mesh-based cutting simulations
have been focused on the extended finite element method
(XFEM), which described the discontinuous field and the
mesh boundary separately [23]. XFEM was originally used
in the study of the cracks of solids or metals [24]. Because
it is especially useful for analyzing discontinuity problem
such as cutting, it was recently utilized for soft tissue cutting
simulation [25], [26]. The key to and difficulties in using
this method are finding appropriate enrichment functions to
represent the discontinuities.
As mentioned above, FEM-based methods have been suc-
cessfully applied to simulate soft tissue cutting. However,
they still have some drawbacks. On one hand, it deeply relies
on the mesh, and distorted or low-quality meshes will lead to
big errors. During the re-meshing process, distorted elements
generated may even cause instability. Conversely, due to the
underlying structure of the classical mesh-based methods,
it is not well suited to simulate cutting that breaks the mesh
structure and continuity. The meshless method (MM) was
first introduced with the objective of overcoming the prob-
lems associated with the FEM-based methods. In contrast to
the FEM-based methods, meshless methods reconstruct the
virtual soft tissue on the basis of discrete and separates point
elements, and the relationship between each point element is
not associated with the mesh. Therefore, the point elements
are random and are not constrained by the mesh, making
them suitable for scenarios with discontinuities. In 1995, Des-
brun and Cani introduced a meshless method in simulating
the splitting and merging of soft inelastic substances [27].
Subsequently, they applied the smoothed particle hydrody-
namics method (SPH) to animate highly deformable bod-
ies [28] and added adaptive space into the model [29].
Nguyen et al. reviewed the meshless methods from the aspect
of computer implementation. They provided some valuable
source code (Matlab code) to beginners studying meshless
methods [30]. In the last decade, many meshless methods,
e.g., the element-free Galerkin (EFG) [31], the reproducing
kernel particle method (RKPM) [32], the partition of unity
finite element method (PUFEM) [33], the meshless local
Petrov-Galerkin method (MLPG) [34], and the radial point
interpolation method (RPIM) [35], have been developed to
simulate deformations. Among these methods, the element-
free Galaerkin method (EFG), which is based on the prin-
ciple of virtual work, introduces integral calculations into
the system equations using a method of integration by parts
to reduce the order of the differentiation and to establish a
systemwith a weak control equation. This method has a better
accuracy, convergence and stability than most other methods.
The meshless total Lagrangian adaptive dynamic relaxation
method (MTLADR) proposed by Horton and Joldes et al. is
a type of EFG [36]. Based on the MTLADR, Jin and Joldes et
al. proposed a cutting algorithm adopting a level set technique
and achieved a cutting simulation of 2D objects [37]. This
work was extended to 3D body in [38]. Jung et al. followed
the EFG method to solve the equation numerically without
a mesh structure, and they proposed a topology fast subdivi-
sion meshless cutting algorithm that was based on an undi-
rected graph and a bounding volume hierarchy (BVH) [39].
Although the EFG method is accurate and stable for sim-
ulating cutting soft tissues, the computational efficiency is
unsatisfactory because it requires the construction of a back-
ground integration mesh to calculate the displacement of
each point. Unlike EFG method, RPIM does not need any
integration cell and is applied to solve telegraph and heat
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diffusion equation and time fractional diffusion-wave equa-
tion [40], [41]. Recently, Shivanian et al. proposed a spec-
tral meshless radial point interpolation (SMRPI) [42], [43].
To increase the computation speed, Muller et al. proposed
a meshless method that depended only on points. Different
from other meshless methods, this method does not need
to be pre-treated for integration and it uses the moving
least square approximation method (MLS) to simulate the
deformation of elastic, plastic, and melting objects [44].
The new displacement of point element after deformation
can be obtained by calculating the displacement vector field
gradient of each point with the simple programming and
fast simulation speed, avoiding the complicated evaluation of
integrals [45]. Pauly et al. used a highly dynamic surface and
volume sampling method to simulate the fracturing of solids
based on this method [46]. In [47], Steinemann et al. followed
the framework of this method and proposed a visibility graph
for simulating cutting soft tissue. Although their algorithm
was scalable, efficient and versatile, it still depends on a mesh
for surface rendering.
While the above meshless methods are promising in simu-
lating the cutting process of soft tissue, they did not consider
sufficiently the interaction between virtual surgical instru-
ments and the soft tissue. To simplify simulation implemen-
tation, most of these approaches assume that the soft tissue
is separated as long as it is swept by the virtual scalpel [4].
In fact, it is not as simple as expected in the physical world.
During the process of cutting, it can be observed that signifi-
cant deformation may occur before the soft tissue is cut open.
As we can understand, different instruments interacting with
soft tissue typically cause different forms of deformation.
In order to achieve realistic simulation of the complete and
complex process of soft tissue cutting, we propose a novel
cutting simulation approach based on the meshless frame-
work for surgical simulation systems.We analyze and discuss
the two major types of surgical instruments, i.e., scalpel
and electrostick, which interact with the soft tissue before
establishing the cutting model. We define the deformation of
the soft tissue induced by the scalpel as a line contact and the
deformation of the soft tissue induced by the electrostick as a
plane contact. Through comparison with real biomechanical
experiments, we selected the line contact model to simulate
the deformation of soft tissue before being cut open. To build
a realistic constitutivemodel, both nonlinearity and viscoelas-
ticity, which are the most obvious and intrinsic properties of
soft tissue, were incorporated into our model. We verified the
accuracy of the proposed soft tissue cutting model against the
well-established commercial FE solver, i.e., Ansys. Finally,
biomechanical test experiments on porcine liver were car-
ried out for the evaluation of the complete cutting pro-
cess of soft tissue. From the perspective of visual feedback,
the experimental results show that the simulated incision
exhibited excellent agreement with real incision. In terms of
haptic feedback, the computed reaction force vs. the displace-
ments have a very close approximation to the experiment
results.
The remainder of this paper is organized as follows. In the
next section, we briefly introduce the integrated framework
of our approach. The algorithms for simulating deformation
before and after cutting open are presented in Section III and
Section V, respectively. In Section IV, two typical interac-
tions between the surgical instruments and the soft tissue are
analyzed. The force interaction between scalpels and 3D soft
tissue is discussed, and a novel haptic model characterizing
such interaction is proposed in Section VI. Numerical experi-
ments and implementation are shown in Section VII. Finally,
conclusions and some suggestions for future work are given
in Section VIII.
II. THE FRAMEWORK OF THE INTERACTIVE
CUTTING MODEL
Our model was primarily developed based on the meshless
framework, which was originally developed for simulating
elastic, plastic and melting objects [44]. Compared with other
meshless approaches, this algorithm has high computational
efficiency since it does not need to perform integration. The
stress of each point can be obtained by the spatial deriva-
tives of the discrete displacement field. Additionally, this
method simply uses the moving least squares (MLS) method
to approximate the derivatives of the discrete displacement
field. Although this method is suitable for simulating elastic
and plastic objects, the nonlinear viscoelastic properties of
soft tissue, which are significantly different from other soft
objects, were not considered. In order to characterize the
physical properties of soft tissues properly and to improve
the realism of simulation, we incorporated the nonlinear
viscoelastic properties into the soft tissue cutting model.
In the real life, the whole cutting process of soft tissue
involves three stages: the first stage mainly involves defor-
mation caused by interaction between soft tissue and cutting
instrument. Therefore, we call this stage deformation before
cutting open (DBCO). During this process, the deformation
displacement increases with the interacting force. When the
force applied to the soft tissue exceeds the ultimate force
that it is endured, the soft tissue will be separated, and this
stage is called cutting open (CO). The last stage mainly
involves deformation caused by the cutting plane.We call this
stage deformation after cutting open (DACO). We divide the
entire process of cutting simulation into three parts: deforma-
tion, cutting open and deformation. Both deformation stages
incorporate nonlinear viscoelasticity in order to improve the
degree of simulation realism. The integral framework of our
approach is as follows:
III. MODELING DEFORMATION OF SOFT TISSUE
BEFORE CUTTING OPEN
A. GOVERNING EQUATION FOR ELASTIC SOFT TISSUES
BASED ON MESHLESS
In the three-dimensional space, the continuum elasticity
theory is used to represent the behavior of continuous
objects, such as soft tissues. Following the principle of the
meshless method, the soft tissue is typically discretized by
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FIGURE 1. Framework of the interactive cutting model.
a series points. Denote the original material coordinates of
the points with X = (x, y, z)T , and these points will move to a
new location X ′ = (x ′, y′, z′)T resulting in the deformation of
the soft issue, when forces are applied to them. Alternatively,
we can also describe the deformation of a soft tissue using a
displacement field U = (u(x, y, z), v(x, y, z),w(x, y, z)). The
relationship between the origin and the new (deformation)
location is
U = X ′ − X (1)
The strain tensor that creates the deformation of the object
can be computed as
ε = 1
2
∇U∇UT (2)
where ∇U is the gradient of the displacement field, which
can be approximated by the surrounding points using MLS.
Please refer to [49] for a detailed derivation process. Then, the
stress can be obtained using different constitutive equations
for different objects. For simple isotropic materials, the stress
and strain are linearly related as
σ = Eε (3)
Finally, the force can be expressed as
f = −σ∇Uiε (4)
B. INCORPORATION OF NONLINEAR VISCOELASTICITY
1) RELATION OF STRESS AND STRAIN FOR NONLINEAR
VISCOELASTIC SOFT TISSUE
According to Pioletti [48], soft tissue shows good elastic-
ity (stretched 15% without damage) and viscosity since it
mainly consists of two types of proteins: collagen and elastin.
In biomechanics, there are several models that describe the
viscoelastic behavior of soft tissue and the most commonly
used model is quasi-linear viscoelasticity (QLV), which was
proposed by Fung in 1972 [49]. Since the time dependence is
independent of the strain or stress in QLV, and the nonlinear-
ity of stress and strain behavior is described as
σ (t) =
∫ t
0
E(t − τ, ε(τ ))dε(τ )
dτ
dτ (5)
It can be seen from the right side of Eq.(5) that the relaxation
function is separable into two parts
E(t, ε) = E(t − τ )g(ε) (6)
where g(ε) = dσdε is the function that accounts for the strain
dependent elastic nonlinearity. Because the time-dependent
portion of behavior E(t − ε) is independent of strain, Eq.(5)
can be rewritten as
σ (ε, t) = g(ε)
∫ t
0
E(t − τ )dε(τ )
dτ
dτ (7)
Assume there is an external force applied to soft tissue at the
moment t = t0 , it will cause an instantaneous strain, which
can be represented as a step function
ε(t) = H (t)ε0 (8)
where, H (t) is the unit step function. The derivative of the
step function is an impulse function; thus, we have
dε
dτ
= ε0δ(t) (9)
where, δ(t) is the unit impulse function. Substituting Eq.(9)
into Eq.(7), we obtain
σ (t) = g(ε)
∫ t
0
E(t − τ )ε0δ(t)dτ (10)
Following the strategy to solve the convolution integral for a
singular function, we separate the t = t0 into t = t0− and
t = t0+ . Therefore, the right side of Eq.(10) can be rewrit-
ten as
σ (t) = g(ε)
∫ t0−
0
E(t − τ )ε0δ(t)dτ
+ g(ε)
∫ t
t0+
E(t − τ )ε0δ(t)dτ (11)
Because the impulse function is zero when t 6= t0 , the
convolution integral of the impulse function from 0 to t0− is
zero. The Eq.(10) can be simplified into
σ (t) = g(ε)
∫ t
t0+
E(t − τ )ε0δ(t)dτ (12)
According to [50], the Prony series form of the relaxation
functions is given by
E(t, τ ) = E0(1+
n∑
i=1
pi exp (− t − τ
τi
)) (13)
where pi and τi are two coefficients that can be obtained from
the experimental data. Then, substituting Eq.(13) into Eq.(10)
yields
σ (t) = g(ε)
∫ t
t0+
E0(1+
n∑
i=1
pi exp (− t − τ
τi
))ε0δ(t)dτ
= g(ε)E0ε0
∫ t
t0+
δ(t)dτ + g(ε)E0ε0
×
n∑
i=1
∫ t
t0+
piexp(− t − τ
τi
)δ(t)dτ
= g(ε)E0ε0 + g(ε)E0ε0
n∑
i=1
pi exp (− t − t0
τi
) (14)
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As observed in right side of Eq.(14), the first term is the
equilibrium value of the elastic modulus, and the second term
is the transient modulus. Furthermore, the stress is made up
of the stable response of strain and the transient response of
the strain.
2) TIME DISCRETIZATION PROCEDURE
In contrast to explicit schemes, the implicit schemes are
unconditionally stable. This requires the use of an incre-
mental form to calculate the stress after an increasing time
interval. To keep things simple, we assume the simulation
time of T is divided into n time slices, i.e.,1t = T/n. Recall
Eq.(5) for time instant t +1t ,
σ (ε, t +1t) =
∫ t+1t
0
E(t +1t − τ )dσ
dε
dε(τ )
dτ
dτ
=
∫ t
0
E(t +1t − τ )dσ
dε
dε(τ )
dτ
dτ
+
∫ t+1t
t
E(t +1t − τ )dσ
dε
dε(τ )
dτ
dτ (15)
Defining,
F1(t) =
∫ t
0
E(t − τ )dσ
dε
dε(τ )
dτ
= A+ B (16)
F2(t) =
∫ t
0
E(t +1t − τ )dσ
dε
dε(τ )
dτ
= A+ exp(−1t)B
(17)
where A = ∫ t0 dσdε dε(τ )dτ , B = ∫ t0 ∑ni=1 piexp(− t−ττi ). Then, the
function F2(t) can be represented by F1(t),
F2(t) = exp(−1t)F1(t)− (1− exp(−1t)(ε(t)− ε(0)))
(18)
i.e., ∫ t
0
E(t +1t − τ )dσ
dε
dε(τ )
dτ
= exp(−1t)
∫ t
0
E(t − τ )dσ
dε
dε(τ )
dτ
)
− (1− exp(−1t))(ε(t)− ε(0)) (19)
As the time interval approaches zero, we have
dε(τ )
dτ
= ε(t −1t)− ε(t)
1t
(20)
Therefore, the second term on the right side of Eq.(15)
becomes∫ t+1t
0
E(t +1t − τ )dσ
dε
dε(τ )
dτ
= g(ε)(ε(t +1t)
1t
×
∫ t+1t
t
×E(t +1t − τ )dτ)g(ε)(ε(t +1t)
− ε(t)+
n∑
i=1
(1
− exp(−1t/τi))ε(t +1t)− ε(t)
1t
) (21)
FIGURE 2. The RMSE of cutting force under different numbers of points.
Substituting Eq.(19) and Eq.(21) into Eq.(15) yields
σ (ε, t +1t) = g(ε)(exp(−1t)σ (ε, t)
− (1− exp(−1t))(ε(t)− ε(0)))
+ g(ε)((ε(t −1t)− ε(t))
+
n∑
i=1
(1− exp(−1t/τi))ε(t +1t)− ε(t)
1t
)
(22)
The force applying at arbitrary point (i) for a nonlinear vis-
coelastic soft tissue
fi(t +1t) = −νiσi(t +1t)∇uiεi(t +1t) (23)
Following [49], we also use a simple Leap Frog scheme to
calculate the displacementxi+1 = xi + νi1tνi+1 = νi + (fi/mi)+ (fi+1/mi)2 1t (24)
After giving appropriate coefficients to the material, we
can obtain the stress response to strain for nonlinear vis-
coelastic soft tissue. We use the time incrementation algo-
rithm to calculate the stress based on the solution known
at the previous time. Additionally, the force acting on an
arbitrary point will be obtained from the stress. Finally, fol-
lowing Newton’s laws of motion, we establish the governing
equations of motion for the soft tissue. To put it simple, we
can easily incorporate nonlinear viscoelastic constitutive laws
into our model using a modified material tensor.
In order to perform the convergence and stability analysis,
we evaluate the results obtained from our model with real
biomechanical tests. Inspired by the work in [51] and [52],
we definite the Root-Mean-Square Error (RMSE) as follow:
RMSE = ‖f − f ∗‖L2() =
√√√√ 1
N
N∑
i=1
‖f − f ∗‖22 (25)
where N is the number of testing (it is set to 10 in this paper),
f is the calculated results of our model, and f ∗ is the result
of real testing. The RMSE of cutting force under different
numbers of points is shown in Fig.2. It can be seen from Fig.2,
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FIGURE 3. Line contact, (a) real contact between a scalpel and soft tissue,
(b) affected domain of the line contact.
FIGURE 4. Plane contact, (a) real contact between an electrostick and
soft tissue, (b) affected domain of the plane contact.
the value of RMSE decrease monotonously along with the
increase of the number of points.
IV. INTERACTION BETWEEN THE SURGICAL
INSTRUMENTS AND THE SOFT TISSUE
Different surgical instruments interacting with the soft tissue
lead to different types of deformation. Fig. 3 and Fig. 4 show
the interactions of a scalpel and an electrostick with soft
tissue, respectively. In the real physical world, the shape of
a rigid object interacting with a soft object is determined by
the rigid object, as shown in Fig. 3(a) and Fig. 4(a). Because
the shape of the front of a scalpel is a line, the intersec-
tion between a scalpel and soft tissue is a line, as shown
in Fig. 3(b). Furthermore, the front of an electrostick is a
plane, and the result of the interaction between an electrostick
and soft tissue is a plane, as shown in Fig. 4(b). Since our
model is based on the meshless framework, we discretize
the object and surgical instruments using a series of points
(white points). For the sake of simplicity, we assume the
surgical instruments can be represented by some points (black
points). The dotted lines around the black points show the
affected domain. For the meshless method, the force of points
is determined by the affected domain. By comparing Fig. 3(b)
and Fig. 4(b), we can see that the superposition of the affected
FIGURE 5. Simulating the deformation of an electrostick.
FIGURE 6. Simulating the deformation of a scalpel.
FIGURE 7. An experimental snapshot of an electrostick interacting with a
porcine liver.
FIGURE 8. An experimental snapshot of a scalpel interacting with a
porcine liver.
domain in Fig. 3(b) is long and narrow, while the other one
is circular. As a result, the scalpel produces rectangle-like
deformation on the soft tissue during the cutting process. The
deformation caused by an electrostick is circular-like. To ver-
ify the validity of our interactive model, we use commercial
software (Ansys) to simulate the volumetric strain for these
two different surgical instruments interacting with the same
soft object, as shown in Fig. 5 and Fig. 6. As seen in Fig. 5,
the simulation result of the interactive between an electrostick
and a soft object is similar to a circle. Additionally, the sim-
ulation result of the interaction between a scalpel and a soft
object is similar to a rectangle, as shown in Fig. 6. Moreover,
a compression test with different surgical instruments on soft
tissue was performed, to further verify our interactive model.
Fig. 7 and Fig. 8 are the real deformations of an electrostick
and a scalpel interacting with soft tissue. By comparing Fig. 5
and Fig. 7, the deformation simulated by our model coincides
well with the real deformation phenomena. Similar results
can be obtained by comparing Fig. 6 and Fig. 8. As it can be
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seen, even for the same soft tissue, the deformation response
for different surgical instruments is different. Therefore, in
order to obtain a satisfactory degree of simulation realism,
the selection of appropriate models for cutting simulation on
the basis of surgical instruments is required.
V. MODELING DEFORMATIONS OF A SOFT TISSUE
AFTER CUTTING OPEN
In real cutting, the following two important interactions occur
during the process in which the scalpel penetrates the soft
tissue. First, the deformation of the soft tissue occurs con-
tinuously while the cutting force increases. Separation does
not occur until the cutting force that is applied to soft tissue
exceeds the threshold level. Second, when the stress that is
applied to the soft tissue reaches the breaking stress, the soft
tissue will be cut open and will begin to expand rapidly with
the cutting force decreasing sharply. Once the soft tissue be
cut open, the soft tissue will deform in opposite directions to
the center of the cutting plane. Therefore, we can divide the
cutting process into three stages. The prominent advantage
of the developed cutting algorithm is that there are many
well-defined deformation models that can be used. Moreover,
our deformation model described in Section III has incorpo-
rated with nonlinear viscoelasticity and represents the cutting
through deformation in a more realistic manner.
3) CUTTING PLANE FITTING
As we know, a scalpel typically cuts soft tissue only along the
direction of its blade, so wemust to ascertain the cutting plane
before calculating the deformation of the soft tissue. Since
the cutting plane is imaginary, we use the points obtained by
collision detection to fit the cutting plane. In geometry, the
equation of a plane can be expressed as
Ax + By+ Cz+ D = 0 (26)
When C 6= 0, we have
z = − A
C
x − B
C
y− D
C
(27)
For convenience, we define a0 = − AC , a1 = − BC ,
a2 = −DC , so
z = a0x + a1y+ a2 (28)
Assume there are n collision points Pi(xi, yi, zi); the cutting
plane for these points should meet requirements
MinS =
n−1∑
i=0
(a0x + a1y+ a2 − z)2 (29)
This reaches a minimum when ∂S
∂ak
= 0, k = 0, 1, 2
Therefore,
a0
∑
x2i + a1
∑
xiyi + a2
∑
xi =
∑
xizi
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∑
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yizi∑
zi
 (31)
By solving the Eq.(30), we can obtain the coefficients a0,
a1, a2 and then obtain the cutting plane. Fig. 9 is the fitting
result of the cutting plane with five collision points.
FIGURE 9. Fitting Cutting plane.
FIGURE 10. Decomposed of cutting force.
4) CUTTING OPEN
After the cutting plane is ascertained, the following steps are
performed to calculate the displacement of the points that is
caused by cutting force. Since the points will move along
the direction of the cutting plane subject to the cutting force,
the cutting force vector is projected onto the cutting plane.
As illustrated in Fig. 10, the cutting force vector is decom-
posed into two parts: the part within the cutting plane (Fl) and
the other part perpendicular (Fp). These two forces have dif-
ferent effects on the soft tissue cutting. As mentioned above,
the process of cutting includes two interactions: separation
and deformation.When themagnitude of the forceFl exceeds
the threshold cutting force Ft , the soft tissue will be sepa-
rated. Then, the deformation of the soft tissue depends on the
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force Fp. According to Hu [53] and Chanthasopeephan [54],
cutting speed and cutting angle is two critical factors.
To improve the accuracy of simulation, we introduce the
velocity ν and contact angle θ to model this behavior.
As shown in Fig. 10, the Fl and Fp can be expressed as
Fl = Fx sin θν (32)
Fp = Fx cos θν (33)
where Fx is the external force applied to the soft tissue.
In [53] and [54], it was shown that a greater cutting speed
causes the soft tissue to be cut open faster, and the larger
contact angle causes the soft tissue to be cut open easier.
As such, it can be seen from Eqs.(32) and (33) that the
magnitude of force Fl is greater with a larger contact angle
and velocity and will be faster and easier to exceed the
threshold of cutting force Ft . Therefore, it becomes faster
and easier to cut open the soft tissue. This is consistent with
the conclusion made by Hu and Chanthasopeephan. After
being cutting open, the soft tissue deforms under the forces
imposed by the vertical force Fp. Since all the points are
independent, we use the model introduced in Section III
to represent the deformation caused by cutting. Recall that
Eq.(23) for loading force Fp yields
Fp(t +1t) = −νiσi(t +1t)∇uiεi(t +1t) (34)
As mentioned above, we use a leap frog scheme to calcu-
late the displacement of the deformation caused by cutting.
VI. RENDERING THE HAPTIC FEEDBACK
In order to provide a highly realistic experience to users, a
virtual surgery simulator must have three key features: inter-
activity, immersion, and imagination (3I). With the help of a
specially designed haptic device, users can obtain immersive
sensorial feedback under different circumstances [55]. There-
fore, this requires virtual force feedback from cutting model
with very a high degree of accuracy [56]. In this section,
we discuss the force situation for a scalpel interacting with
a 3D soft tissue, and then propose a novel haptic model for
a scalpel. The core of the haptic model for a scalpel is the
calculation of the force during cutting. Since force is mutual,
the scalpel exerts a force on the soft tissue, and the soft tissue
also applies friction to the scalpel. As disused above, we
decomposed the external force into Fl and Fp. Reversing the
process, we describe the scalpels friction caused by Fl and Fp
, and added these forces again to obtain the cutting forces
feedback. As illustrated in Fig. 10, the frictions caused by
Fl and Fp are fl and fp , respectively. Therefore, the cutting
force feedback can be calculated as
fcut = fl + fp (35)
During the process of cutting, there are two different types
of friction force: (1) static friction force. Once the scalpel
contacts the soft tissue, the force will be generated. The soft
tissue increases with the external force until the magnitude
of this force exceeds a given threshold force (Ft ). It can be
represented by Fl as
fl−static = µsFlds (36)
fp−static = µsFp (37)
where µs is the coefficient of the static friction force, and
ds is the penetration depth of the scalpel. (2) sliding friction
force. The moment when the scalpel cut the soft tissue open,
the static friction force turns into a sliding friction force.
As such, it can also be represented by Fl as
fl−sliding = µ′sFlds (38)
fp−sliding = µ′sFp (39)
where µ′s is the coefficient of the sliding friction force, and
ds is the penetration depth of the scalpel. Note that the coef-
ficient of the static friction force is typically greater than that
of the sliding friction force.
FIGURE 11. Simulating the deformation of an electrostick interacting with
an object, (a) surface deformation caused by an electrostick, (b) internal
deformation caused by an electrostick.
FIGURE 12. Simulating the deformation of a scalpel interacting with an
object, (a) surface deformation caused by a scalpel, (b) internal
deformation caused by a scalpel.
VII. IMPLEMENTATION AND RESULTS
A. MODELING AND SIMULATING THE INTERACTION
OF SOFT TISSUE
To verify whether our proposed model can characterize the
deformation of the soft tissue caused by different surgi-
cal instruments, in this subsection, a surgical scalpel and
an electrostick, which are most commonly used in surgery,
interacting with a virtual cube object are considered. The
cubic object is composed of 8000 points (length: 20 points,
width: 20 points, height: 20 points). Unlike other methods
that represent the virtual surgical instrument as one point,
we assume the virtual instrument consists of three points.
Fig. 11 and Fig. 12 show the deformations of the scalpel
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and the electrostick that interact with the virtual cubic object,
respectively. As shown in Fig. 11(a) and Fig. 12(a), the defor-
mation appearance between the electrostick and the object is
circular-like, while deformation for the scalpel is a narrow
rectangle-like. Fig. 11(b) and Fig. 12(b) also show that, the
internal deformation of these two surgery instruments is quite
different. The internal deformation caused by the electrostick
is similar to a circular cone, while the scalpel generates a
pyrometric cone deformation. Compared with the results in
Section IV, our simulation results agree well with the the-
oretical analysis and simulation results provided by Ansys.
As such, we should select different deformation models for
different surgery instruments during cutting to improve the
degree of simulation realism.
FIGURE 13. The physical design of the virtual surgery simulation system.
B. IMPLEMENTATION AND ALGORITHM VERIFICATION
The interactive cutting algorithm proposed in this paper
was implemented in a virtual liver resection surgery system.
It consists of a display device, a mainframe, and a haptic
device. To offer a comfortable training platform, we designed
a structure to integrate all the devices, as shown in Fig. 13.
Unlike other virtual surgery simulators, our system contained
two displays. One display is located in a closed cabinet with
two pinholes that users can use to observe the 3D scene.
This was designed to remove disturbance from external light
during user training. This will significantly increase the level
of immersion. The other display is located outside the closed
cabinet andwas used to view and evaluate the training process
by an adviser. Furthermore, with the aid of a stepper motor,
the closed cabinet can be rotated up and down to adapt
to different users providing the best possible observation.
The middle part of the system is an operation platform that
could accommodate two haptic devices by which the users
interacted with the virtual world (in this paper we use a
commercial desktop haptic device, i.e., PHANTOM OMNI).
The system was built on a graphics workstation with an
Intel Xeon E5-2630(v3) CPU and a NVIDIA Quadro K5200,
which provided sufficiently fast computing.
FIGURE 14. Deformation of soft tissue caused by an electrostick.
FIGURE 15. Cutting of soft tissue using a scalpel, (a)-(c) deformation
before cutting open caused by a scalpel, (d) cutting open,
(e)-(f) deformation after cutting open caused by a scalpel.
1) VISUAL EFFECT
The virtual liver illustrated in Fig. 14 and Fig. 15 was com-
posed of 586 vertexes, and the material parameters of the liver
were set as follows: E0 = 3.5 kPa, ε0 = 0.49, p1 = 1.56,
p2 = 0.52, τ1 = 32.22, τ2 = 312.06. The g(ε) was a
quadratic function. Fig. 14 and Fig. 15 show the interac-
tive results of different surgical instruments with the liver.
Comparing Fig. 14 with the first row of Fig. 15, we notice that
the deformation of the liver was also different. Fig. 14 shows
that the deformation caused by the virtual electrostick was
circular concave. However, the deformation caused by virtual
scalpel was similar to a strip that was long and narrow, as
shown in Fig. 15. As mentioned above, the complete process
of soft tissue cutting can be divided into three stages: DBCO,
CO and DACO. Fig. 15(a)-Fig. 15(c) show the deformation
before cutting open. During this stage, the liver deformation
continues to grow as the scalpel penetrates deeper into the
soft tissue. The stress applied to the soft tissue also increases.
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Fig. 15(c) shows the moment that the maximum pressure
is applied to the soft tissue. At this moment the stress and
displacement of the deformation both reach their maximum
ultimate levels in the soft tissue. Therefore, the soft tissue
will be cut open, as shown in Fig. 15(d). A deeper look at
the details of the soft tissue around the virtual scalpel shows
that the deformation of the tissue around the virtual scalpel
was restored. The region of soft tissue deformation shrinks
compared with the DBCO stage. The reason for this is that
nonlinear viscoelasticity is introduced in our model. Once the
soft tissue is cut open, it will deform under the scalpel, as
shown in Fig. 15(e)-Fig. 15 (f). The result of cutting is that the
incision becomes larger. The real cutting process of soft tissue
is shown in Fig. 16. By comparing Fig. 15(c) to Fig. 16(a),
Fig. 15(d) to Fig. 16(b) and Fig. 15(f) to Fig. 16(c), we can
safely come to the conclusion that our simulation of soft
tissue cutting agrees well with the real cutting process. Every
step of the cutting simulation model follows the morpho-
logical characteristics and physical properties of soft tissue
during cutting.
FIGURE 16. Real cutting of soft tissue, (a) deformation before cutting
open, (b) cutting open, (c) deformation after cutting open.
2) HAPTIC FEEDBACK
In addition to visual effect, haptic interaction is also very
important for surgical simulators [57]. To describe and com-
pare the real biomechanical responses of soft tissue with the
simulation from our model during cutting, porcine liver cut-
ting experiments were performed (See Fig. 17). We used an
Insight 30 electromechanical universal test systemwhichwas
provided by the Mechanical Testing and Sensing (MTS) Cor-
poration. The test speed ranged from 0.01 mm/s to 100 mm/s,
the position resolution was 0.0001 mm, and the force mea-
suring accuracy was 0.5% with the force load from 0.01 kN
to 10 kN. We tested speeds of 5 mm/min, 10 mm/min, and
30 mm/min, which are the typical operating speeds during
surgery. Under such conditions, the cutting forces ranged
from 0 N to 10 N.
A representative experimental force vs. displacement curve
for a soft tissue is shown in Fig. 18. It can be seen from
Fig. 18 that the simulated force curve matches the experi-
mental force curve. All these curves can be divided into three
segments with characteristic points A, B , and C labeled on
the curve. Point A represents the moment when the soft tissue
is cut open. After cutting open, the value of the cutting force
decreases to B. The value of C represents the mean cutting
force. FromO to A, the force acted on the soft tissue increases
with the displacement. This is the deformation before the soft
FIGURE 17. The experimental snapshot of porcine liver cutting.
FIGURE 18. Comparison of the experimental force curve and the
simulated force curve.
tissue is cut open (DBCO). When the force reaches point A,
the soft tissue also reaches the maximum deformation that
the tissue can endure. Once the imposed force exceeds the
maximum force, the soft tissue will separate with a sudden
decrease in the force. The fundamental reason for this phe-
nomenon is that the static friction force becomes a sliding
friction force. In short, the main force is the static friction
force during the DBCO. However, once the soft tissue is split,
the force of friction becomes a sliding friction force. And
the stress composition also changes from normal to shear.
As we know, the sliding friction force is less than the static
friction force under the same circumstances. Therefore, we
set the coefficient of the sliding friction force to be smaller
than the coefficient of the static friction force in our model.
Then, the cut force fluctuated within the scope of the mean
force. In energy theory, the phenomenon of fluctuation during
cutting might be due to the cutting energy accumulation and
release processes. In our model, reviewing Eq. (38), when
the depth of the cutting increases and decreases, the cut-
ting force fluctuates. Furthermore, to understand the impact
of the cutting speed and cutting angle on the soft tissue
cutting force, we experimented with three different cutting
speeds and cutting angles, respectively. A comparison of the
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FIGURE 19. Comparison of the cutting force at different cutting speeds
for a given contact angle.
experimental results and the force values computed from
our model at different cutting speeds and cutting angles is
illustrated in Fig. 19. It shows that both the cutting speed and
the cutting angle have significant implications on the tissue
cutting. All of these figures show that a greater cutting speed
makes it easier to cut open the soft tissue. As such, with other
cutting parameters unchanged, a greater cutting angle makes
it easier to cut open the soft tissue. The simulated results
coincide well with test results. According to Eq. (32), the
cutting speed and cutting angle are proportional to the cutting
force. In our experiments, a greater cutting speed or cutting
angle caused the cutting force to be greater and the soft tissue
was easier to cut open, which is in good agreement with the
theoretical analysis and the simulation results. All in all, not
only do the displacement vs. cutting force curves validates
that the cutting process can be divided into three stages but
the real experiments of soft tissue cutting also show these
three stages. Unlike other meshless methods, which often
require to perform integration to calculate the displacement
during the cutting process, and unlike mesh-based methods,
which require reconstructing the mesh, our model uses a
simpleMLSmethod to approximate the derivatives of the dis-
crete displacement field and then obtains the strains, stresses
and forces at every point from these derivatives. Therefore,
our method avoids complicated numerical integration and
re-meshing, which significantly increases the calculation bur-
den. To test the computational efficiency of our model, we
selected different scales from the point-cloud data for the
liver. The test results are listed in Table 1.
TABLE 1. Testing results of different scales from the point-cloud data.
While the haptic refreshment rate should be about 1000 Hz
in theory, it is much lower in practice because the haptic
interfaces have a much lower bandwidth. It can be seen from
Table 1 that the refreshment rate of the proposed cutting
model ranges from 120 to 907 Hz. The curve of the force
feedback is smooth and continuous.
In comparison with other typical simulations of soft tissue
cutting, the proposed interactive cutting model provides inte-
grated and complete experience to users since the DBCO is
integrated into the model. While the process of DBCO was
considered by Jerabkova et al in [58], there was no haptic
feedback in their cutting model that greatly reduced the real-
ism of the simulator. Furthermore, to improve the accuracy
of haptic feedback, we incorporate nonlinear viscoelasticity,
which is an important biological property of soft tissue, into
our model.
VIII. CONCLUSION AND DISCUSSION
In this paper, we proposed a novel soft tissue cutting model
based on the meshless framework for the simulation of the
complicated process of soft tissue cutting for surgical sim-
ulation systems. Our model is unlike most existing simula-
tors, which usually assume that the soft tissue is separated
as long as it is swept by the virtual scalpel, which is over
simplified. From a practical standpoint, the whole process of
cutting is divided into three stages: DBCO, CO, and DACO
in the presented approach. We analyzed and simulated the
deformation of the soft tissue interacting with two typical
surgical instruments. Specifically, the internal deformation
caused by an electrostick was circular, and a scalpel generated
a standard pyrometric cone deformation. To make the simu-
lation realistic, we incorporated nonlinearity and viscoelas-
ticity into the model and established governing equations of
motion for the nonlinear viscoelastic soft tissue. The model
offers a high degree of accuracy with respect to the virtual
force feedback by considering the cutting speed and cutting
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angle, which have a significant impact on tissue cutting.
To illustrate and validate our model, experiments were per-
formed using a universal electro mechanical test system. The
experimental results showed that our model exhibits good
agreement with the forces measured from the experiments,
and all displacement and cutting force curves can be divided
into three segments that correspond to the three stages of
cutting. The proposed cutting approach was implemented in a
liver cutting simulator and resulted in a good visual effect and
force feedback. In future work, we plan to couple the cutting
model with bleeding and suturing to enhance the reality of the
surgery simulation system.
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